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Abstract 

We have previously proposed a statistical model of quantization based on a stochastic deviation 
from infinitesimal stationary action following an exponential law. In the present work we shall 
show that the model can be derived uniquely from three physical principles: (1) Microscopic 
indeterminism; (2) Lagrangian scheme; and (3) No correlation without interaction or separability. 
The first two lead to a class of statistical models with generic 'non-local correlations' and the third 
principle uniquely selects the exponential law. 
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I. MOTIVATION 



The formalism of standard quantum theory is developed based on 'abstract mathemat- 
ical axioms' with obscure physical meaning. Despite the superb empirical successes of the 
'quantum rules' to calculate with very high accuracy the probability to find various random 
results in measurement over identically prepared ensemble of system, there are still violent 
disagreements among quantum physicist with regard to the conceptual foundation of the 
theory Such diverse views disclose the fact that we still do not have a consensus on what 

n 

are the physical principles that underlie quantum theory, "i^ow come the quantum!" [2[. 
What is the physical origin of the Schodinger equation and uncertainty relation? Can we 
derive its exquisite mathematical framework uniquely from a set of physical principles? This 
situation is in a stark contrast with the special theory of relativity which is founded based 
on intuitive physical principles: principle of relativity and invariance of velocity of light, or 
classical mechanics in general which can be developed based on the principle of stationary 
action. Another motivation of having such principles is that they might give us physical 
insights on how one should look for possible modification of the theory by modifying the 
principles or varying the parameters whose values are not determined by the principles (free 
parameters) . 

With the above motivation, there have been continuous attempts to derive the 
Schrodinger equation using various physical models within realist theoretical framework 



2l| . In this approach, one generally assumes that the Schrodinger equation is not a fun- 



damental equation of Nature, but is emergent from a deeper physical theory. The hope 
is that the Schrodinger equation thus derived will speak for itself necessitating no further 
physical interpretation. A different kind of approach to investigate the problem of "why 
the quantum" is pursued by a rapidly growing community based on the hypothesis that all 



physics are emergent from information 



22 



2|-|43| . following Wheeler's program "it from bit" 
in which he argued that "all things physical are information-theoretic in origin" I2I. In this 
line of approach one reverses the logical flow of quantum information 4^, that is to search 
for a set of basic features of information processing which can be promoted as physical prin- 
ciples to uniquely reconstruct the mathematical formalism of quantum mechanics. Such an 
approach is inevitably operational or instrumental in nature where elementary laboratory 
procedures like preparation and measurement play fundamental role. 
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With the same motivation to understand the physical meaning behind the 'formal- 
mathematical rules' of canonical quantization, we have proposed in the previous work a 
statistical model of quantization for non-relativistic systems of spin-less point-like particles 
by modifying the classical dynamics of ensemble [45]. This is done by assuming an expo- 
nential distribution of stochastic deviation from infinitesimal stationary action within the 



traditional theory of probability. See also Refs. |46l-l50| for related works. The predic- 
tion of canonical quantization (with a unique ordering of operators) is then shown to be 
reproduced as a specific case of the model when the average deviation from infinitesimal 
stationary action is given by h/2. 

It is then instructive to ask: why the statistical modeU One may for example demand a 
physical explanation: why exponential among the infinitude of probability distributions! In 
the present paper we shall show that the model can be uniquely derived, up to some free 
parameters, from three physical principles: microscopic indeterminism, Lagrangian scheme, 
and no-correlation without interaction or separability, whose meaning and motivation to 
be discussed in the next section. Unlike informational principles which are instrumentalist, 
these principles follow the realist tradition of classical physics where measurement does not 
play any fundamental role. 



II. THREE PHYSICAL PRINCIPLES 



Since Newton we know that classical mechanics provides a very accurate description of 
the dynamics of macroscopic bodies. However, during the last century, we have also gathered 
a lot of evidences through observation that it has to be corrected in microscopic world. It 
is an empirical fact that in experiment with microscopic objects, identically prepared copies 
of system will in general give a set of random results if subjected to measurement. One may 
thus assume that in 'microscopic time scale' the dynamics of the system is indeterministic. 
However unlike the Brownian motion, we do not know the physical origin of the stochastic 
behavior of the system. Moreover, due to the empirical validity of the classical mechanics in 
macroscopic regime which is governed by deterministic law, the microscopic indeterminism 
must be superimposed on the deterministic classical mechanics and must be negligible in 
macroscopic world. It is then safe to put the following assumption: 

• Principle (1) Microscopic indeterminism: There is a finite microscopic time scale where 
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the stationary action principle of classical mechanics is not accurate, the deviation from 
which is inherently indeterministic and negligible in macroscopic regime. 

Next, the experimental verifications of the predictions of quantum theory suggest that 
microscopic world is sensitive to 'potentials' rather than 'forces' 5l|. This is for exaniple 
seen in the theoretical description and observation of AB (Aharonov-Bohm) effect 52h 



54| . Essentially similar effects which reveal the sensitivity of microscopic phenomena to 



potentials are also observed in particle interference experiment involving electrostatic 55 1 



and gravitational potentials 



56| . This encourages us to assume that Lagrangian scheme 



57j. One 



based on potentials is more fundamental than Newtonian scheme based on forces 
then has the following second principle: 

• Principle (2) Lagrangian scheme: In general, Lagrangian scheme based on potentials 
is not physically equal to but more fundamental than Newtonian scheme based on 
forces. 

The manifestation of the above principle in quantum theory can be seen in the Schrodinger 
equation or Feynman path integral where potential and Lagrangian, respectively contribute 
directly to the time development of the system. Combined with the first principle, principle 
(2) suggests that the indeterministic correction to classical mechanics can not be adequately 
described by introducing random forces as in Brownian motion, but should be added as a 
random fluctuation with respect to the Lagrangian in a microscopic time scale. 

Finally, to motivate the third principle, let us consider a compound system. For illustra- 
tion, it is sufficient to consider two particles system. Let us assume that the particles are 
not interacting with each other at a given time of interest. Then it is reasonable to assume 
that there is a situation where the statistics of the microscopic corrections to the classical 
dynamics of the two particles are also independent from each other. This must in particular 
be the case when the particles were not interacting in the past so that it is physically absurd 
to assume that the statistical behavior of the two particles are correlated to each other. It 
is thus natural to draw the following principle: 

• Principle (3) No correlation without interaction: Subsystems with non-intersecting 
past light cones behave independently from each other. 
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The above principle implies a notion of statistical separability between subsystems whose 
past light cones do not intersect so that we shall also later refer to it as the principle of 
separability. 

The above set of principles replaces the principle of stationary action of classical me- 
chanics. The first two suggest that one should modify the principle of stationary action in 
microscopic time scale by introducing an inherent stochastic element which can not be rep- 
resented by random forces and is negligible in some macroscopic limit. It will be clear later 
in the next section that the first two principles will in general lead to a class of statistical 
models which allow one to generate correlation without interaction. The third principle then 
uniquely single out a statistical model which precludes such an absurd physical situation. 

III. EXPONENTIAL DISTRIBUTION OF DEVIATION FROM INFINITESIMAL 
STATIONARY ACTION 

Let us show that the above three principles are sufficient to reconstruct uniquely, up to 
some free parameters, the statistical model of quantization reported in Ref. 0]. From the 
first principle, one has to have a physical quantity to measure the deviation from classical 
mechanics and this quantity has to be stochastic in microscopic time scale. Moreover, by 
the second principle, the stochastic deviation has to be measured with respect to Lagrangian 
rather than classical forces. Hence, one must first have a formulation of classical mechanics 
which exploits Lagrangian in microscopic time scale. It is clear that such a formulation must 
use action along a very short trajectory during microscopic time interval rather than the 
Lagrangian itself. 

Such a formulation can be developed from the Hamilton- Jacobi theory as follows. First, 



where q denotes the configuration of the system, t is time, and p are the classical Hamilto- 
nian and momentum, respectively, and S_ is the Hamilton's principle function. Inserting the 
right equation to the left hand side of the left equation gives the familiar Hamilton- Jacobi 
equation, dtS_ + H_{q, dgS_) = 0. The pair of equations in ([1]) are equivalent to 



in Hamilton- Jacobi theory one has [5 




H{q,p) = dtS k p = d,S, 



(1) 



dS_ = —Hdt + p ■ dq = Ldt, 



(2) 
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where L{q,q) = p{q) ■ q — H.(q,p{q)) with q = dq/dt is the Lagrangian, so that dS_ is 
the infinitesimal stationary action along the corresponding short classical path during the 
infinitesimal time interval dt. Below we shall identify the infinitesimal time interval dt so 
that Eq. is valid as the 'microscopic time scale' assumed in principle (1). 

Given the Lagrangian, the first two principles then tell us that the element of randomness 
has to appear as a deviation from dS_ = Ldt which must be ignorable in macroscopic regime. 
To do this, let us introduce a real-valued stochastic function S{q,C,', t) of the configuration of 
the system, time, and a random variable ^, so that in some well-defined classical limit to be 
discussed later, its differential is approximately given by dS_: dS — )■ dS_. ^ may in turn be a 
function of a set of random variables. dS — dS_ is thus randomly fluctuating, measuring the 
stochastic correction to classical mechanics, and it is its statistics that is assumed by the 
flrst two principles as the basic ingredient of the statistical model. Let P{dS\dS_) denotes the 
conditional probability density that the differential of S is given by dS when the differential 
of S_ is dS_. The flrst two principles thus instruct us to flnd Ps{dS\dS_) so that in the limiting 
physical domain corresponding to macroscopic world it reduces to 

Ps{dS\dS) S{dS - dS) = S{dS -{p-dq- Hdt)). (3) 

Let us then clarify what we mean by classical limit. Intuitively, the classicality should 
be attained if the indeterministic correction introduced by the fluctuations of dS around dS_ 
is negligible as compared to what is being corrected, that is dS_. To make this statement 
deflnite, let us assume that the stochastic deviation from the inflnitesimal stationary action 
has a flnite average denoted by {\dS — dS\). Then one can deflne the classical limit as the 
regime when {\dS — dS_\) is much smaller than \dS_\, namely when {\dS — dS_\) <^ \dS_\. With 
this mathematical identiflcation of classicality, there are inflnitely many functional forms of 
P{dS\dS) which reduce to Eq. ([3]) in the classical limit. We therefore have to select one 
which is most natural and most importantly which does not lead to absurd physical situation 
warned by principle (3). 

Let us emphasize before proceeding that like Hamilton's principle function S^, S* is a 
function of the conflguration of the system q = {qi, q2, ■ ■ ■ }■ Further, due to its dependence 
on ^, S is in general a multi-valued function of q. Namely, flxing t, its value is not uniquely 
determined by q. One can also see that S and S + So{^), where 5*0 depends only on ^, 
generate exactly the same statistical distribution Ps{dS\dS). Hence, given Ps{dS\dS), the 
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functional form of 5* is not unique up to some function of ^. Next, notice that there is no 
a priori reason which tells us how the sign of dS — dS_ is distributed. In such a situation, 



the principle of insufficient reason (principle of indifferent) 58[ then suggests to assume that 
there is equal probability for dS — dS_ to take positive or negative values. Ps{dS\dS) must 
therefore depend only on \dS — dS\. Moreover, with the same argumentation, it is also 
reasonable to assume that the statistics of the deviation is homogeneous in configuration 
space and stationary in time. Of course Ps{dS\dS) may also depend on some free parameters. 
As will be shown below, such a free parameter is needed to connect smoothly the statistical 
model to classical mechanics as a limiting case via Eq. ([3]). It will also be shown that the 
prediction of canonical quantization corresponds to a specific value of this free parameter. 

Now let us proceed to exercise principle (3) to avoid absurd physical situation that one 
can generate correlation without interaction. To do this, let us consider two particles sys- 
tem whose configuration are denoted by qi and g2, respectively. Let us assume that the 
two particles are not interacting at some given time. Then, the classical Lagrangian is de- 
composable as L{qi,q2,qi,q2) = Li{qi,qi) + L2{q2,q2), so that the infinitesimal stationary 
action is also decomposable as dS_{qi,q2) = dS_i{qi) + dS_2{q2)- Let us further assume that 
the particles were not interacting in the past. In this case, principle (3) then tells us that the 
dynamics and statistics of the two particles are independent from each other. The dynamical 
independence demands that dS must also be decomposable as 

dS{qi, q2) = dSi{qi) + dS2{q2)- (4) 

This naturally implies statistical independence of the two particles so that Ps{dS\dS_) must 
be separable into that of each single particle, otherwise one can create correlation without 
interaction. One therefore has the following functional equation: 

PsidSi + dS2\dS^ + dS^) = Ps{dSi\dS^)Ps{dS2\dS2). (5) 



Following the argumentation of Ref. 



45], one can indeed show that assuming Eq. ([5]), the 



probability density of g = (gi, ^2) is separable for all time if it is initially separable. 
Equation ([5]) is satisfied by the following exponential function: 

Ps{dS\dS) oc A^e-^^'^^-'^^^ (6) 

where is a normalization factor and A is a non-vanishing free parameter with action 
dimensional. Namely, the distribution of \dS — dS_\ is given by an exponential law with 



mean value |A/2|. As shown in Ref. [45|, to have a smooth correspondence with classical 
mechanics of ensemble when 5* — ?■ 5, it is sufficient (while not necessary) to choose to be 
proportional to a quantity determined uniquely by the classical Hamiltonian as 

N (X exp{-e{S)dt) with e{S) = dg-(^ ). (7) 

V op p=dqS/ 

Since Ps{dS\dS_) must depend only on \dS — dS], then {dS — dS_)/X must be positive 
definite. Moreover, since the sign of dS — dS_ is assumed to change equally probably, then 
the sign of A must also be fluctuating randomly with equal probability: 

P,(A) = P,(-A). (8) 

One can see in Ref. 



45| that this assumption plays important role in the derivation of the 
Schrodinger equation or the quantization of classical Hamiltonian. Moreover, since A is the 
only random variable that appears in the equation, then one may conclude that ^ depends 



on A so that one has S = S{q,X;t) 45|. It is also evident that in the regime where the 
average deviation from the inflnitesimal stationary action |A/2| is much smaller than the 
inflnitesimal stationary action itself \dS_\, namely |(i5/A| ^ 1, Eq. (jH]) reduces to Eq. ([3]), as 
expected. This suggests that |A| must have a microscopic value. Indeed we have shown in 
Ref. 145! that the results of canonical quantization is reproduced when A = ±fi with equal 
probability. 



IV. GENERIC INSEPARABILITY 



Let us consider the general case when dS is not decomposable 

dS{qi, 52) 7^ dSi{qi) + dS2{q2)- (9) 

Then, Ps{dS\dS) of Eq. (j6]) of the two particles is not separable into that of each single 
particle even when dS_ is decomposable, or even when the two particles are not interacting at 
the time of interest. This means that the distribution of the deviation from the inflnitesimal 
stationary action of the two particles can not be separated into the deviation from the 
inflnitesimal stationary action of each single particle. From the principle (3), this may for 
example be the case when the two particles were interacting in the past. When Ps{dS\dS) 
is inseparable, the deviation from the inflnitesimal stationary action of the two particles 
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are thus 'some how' correlated. One can not even define joint-probabihty density for the 
deviation with respect to the two particles. The two particles system should be regarded as 
a single indivisible whole. 

Moreover, notice that the distribution of the deviation of Eq. does not refer to the 
location of the two particles. In particular, it is independent of the distance of the two 
particles. Hence, if dS is not decomposable (even when dS_ is decomposable), the statistical 
inseparability of the random deviation with respect to the two particles persist even if the 
two particles are space-like separated. We therefore argue that this is the statistical origin 



of the 'quantum mechanical non-local correlation' |59|-|63| . One can however see that the 
'nonlocal correlation' is ignorable in the classical limit when Eq. is effectively valid since 
in this regime dS is approximately equal to dS_ which is decomposable for non-interacting 
particles. The above analysis can be extended easily to general compound systems. 

To further justify the above interpretation, one can show by following the derivation 



of the Schrodinger equation reported in Ref. [45[ based on Eq. ([6]), that if Ps{dS\dS_) is 
separable as in Eq. ([5]), then the corresponding wave function is also separable if initially it 
is separable 

^(gi,g2,|A|) = ^i(gi,|A|)^2(g2,|A|), 



^M, |A|) = ^fi,(g„|A|)em^^(^-l^l), (lo) 



j = 1,2, where Qj{qj,\X\) is the joint-probability density of qj and |A| [45|]. This means 
that the class of inseparable wave functions or entangled quantum mechanical (pure) states 
corresponds to inseparable Ps{dS\dS_). 



V. SUMMARY AND DISCUSSION 



According to the first principle, quantum fiuctuations is thus a stochastic fiuctuation 
in microscopic time scale superimposed on deterministic classical dynamics and ignorable 
in the macroscopic regime. The second principle then implies that in compound system, 
the statistics of the microscopic fiuctuation in general can not be separated into those with 
respect to the subsystems regardless of the distance of the subsystems. Hence, the first two 
principles inevitably lead to a class of statistical models with generic 'nonlocal correlations' 
among the subsystems. The third principle, which imposes a physically intuitive restriction 
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that no-correlation can be generated without interaction or the separabihty of subsystems 
with non-intersecting past hght cones, then chooses uniquely the exponential distribution of 
deviation from infinitesimal stationary action among all the possible statistical models, up 
to some free parameters that characterize the statistical distribution of A. In this respect, 
quantization can be regarded as the most natural way to introduce stochastic correction to 
classical mechanics in microscopic time scale. 

It is remarkable that the separability principle (3) or the principle of no-correlation with- 
out interaction is the key to the unique statistical model of quantization. It is often men- 
tioned, following Schrodinger, that "inseparability is the characteristic trait of quantum 
mechanics, the one that enforces its entire departure from classical lines of thought" |64|. 
Our reconstruction however suggests that statistical models with inseparable statistics are 
generic due to principles (1) and (2). What distinguishes quantum theory from these statis- 
tical models is the demand of principle (3) of the statistical separability between subsystems 
whose past light cones do not intersect. Further, since Eq. ([6]) leads to the derivation of 
the Schrodinger equation 45| and uncertainty relation 49|, one may conclude that the sep- 
arability principle is the physical principle that is responsible for the two most important 
features of the statistical model of quantization: the linearity of the Schrodinger equation 
and the canonical commutation relation. It is interesting to further note that to develop the 
two features, one needs to consider a compound system which makes possible the exercise 
of principle (3). 

Let us notice that violating the principle of separability leads to the violation of causality: 
one can create correlation without interaction. It is thus a direct implication of the principle 
of causality which lies at the very foundation of modern physics. By contrast, the first 
two principles are empirical based on our experiences. There is therefore a possibility that 
these principles might have limited domain of applicability and be eventually violated: the 
history of theoretical physics tells us that anything based on experience will eventually be 
overthrown. For example, one might assume that in much shorter time scale, the first 
principle of microscopic indeterminism is no more valid to be replaced by some not yet 
known form of determinism. 

Keeping the three principles, there is still room for possible modification due to the 
presence of the free parameter A in Eq. ([6]) which determines the average deviation from the 
infinitesimal stationary action given by |A/2|. As shown in Ref. 45|, canonical quantization 
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corresponds to the case when A = ±h so that the average deviation is given by h/2. This 
naturally raises a question whether there are physical situations where the average deviation 
is not equal to h/2 . One for example can ask whether the value of h varies with the evolution 
of the universe j65|. One may also ask whether |A| fluctuates randomly in the vicinity of the 
currently held value of h with non- vanishing yet very small width as suggested in Ref. 48 1. 
These cases are in principle falsiflable giving precision test to quantum mechanics against the 
statistical model of quantization. It is of course desirable to have a stronger set of principles 
that will lead to the determination of the value of h or the distribution of | A | . 
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